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Inverse Problems 

Paola Elefante | Ph.D. student | 
www.paolaelefante.com 

effect cause cause??? 



For example… 
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gravitational lens 
inversion 

medical 
imaging 

seismic 
tomography 

image 
enhancement 
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A problem is well-posed if 
v A solution exists 
v The solution is unique 
v The solution depends continuously on data 

(= small perturbation of data doesn’t lead to 
much different results) 

Of course  are 
typically . 



Regularization methods 
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Ax =m
unknown 

measurement 
operator 

(contains some 
a priori information) 

sampled data 
(contaminated by 
  error) 

We need to approximate 
smartly the solution: 

Rε{ }ε>0 ,Rεm→
ε→0

x mδ :Rε (δ )m
δ→x

ε(δ)→
δ→0
0

has to be chosen 
wisely 



Iterative methods 
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minimizing an objective function 

data fidelity 
term 

regularity term 
(a priori information) + regularization 

parameter 
. 

Ax −m
2

2
+λ ∇x

2

2Example: a  
Tikhonov 

functional 

step descent methods 
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Why sparse tomography? 

X-rays contribute to cancer  
development. 

CT as diagnostic tool. 

Short queues. 
Cutting production 

costs. 
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Why dynamic? 

veterinary 
medicine 

radiation 
therapy material 

testing 
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Angiography 

In US heart 
diseases 
kill  610.000 
people 
every year. 
 
[ 1 of every 
4 deaths ] 
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The Level Set Method 

Prof. James A. 
Sethian, 

UC Berkeley 

Prof. Stanley  
Osher 
UCLA 

 
As Osher put it, when a catastrophe in the movies should look 

realistic, Hollywood calls for the mathematicians.  
 



Level Set Method 

Γ: plane dynamic curve. 
φ = φ(x,y): level set function. 

Γ = {(x,y) : φ(x,y) = 0} (zero level set of φ).  
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The New Model 
The X-ray attenuation is approximated by g(Φ).  
g is a cut-off function we wisely choose. 
Φ is the level set function. 
 
 F1(φ) =

1
2
A(g(φ))−m

L2
2
+
1
2
λ ∇φ

L2
2

F2 (φ) =
1
2
A(g(φ))−m

L2
2
+
1
2
λ Dβφ

L2

2

β =1,2
∑

This can be generalized to any order n. 
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The Evolution Equation 
Finding the minimizer of 

F1(φ) =
1
2
A(g(φ))−m

L2
2
+
1
2
λ ∇φ

L2
2

is equivalent to computing: 

Φ(!x, t) = lim
s→+∞

φ(!x, t, s)

using the (unique) solution of: 

φ s= −[g '(φ)]A
*(A(g(φ))−m)+λΔφ

(ν ⋅∇− r)φ ∂Ω = 0

'
(
)

*)

Niemi et al. 2013, Kolehmainen et al. 2008.  Paola Elefante | Ph.D. student | 
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The Cut-off Function 
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(2+1)D Phantom 
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Comparing Methods 

Original FBP our method 
n=1 

our method 
n=2 

Tikhonov 

tim
e

 



Real Data 

tim
e

 

our method 
n=1 

our method 
n=2 

TV ground 
truth 
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(2+1)D Veins Dataset 

In collaboration with 
Alexander Meaney 
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Upcoming Challenges 

Generalizing to 
(3+1)D case. 

Implementing 
helicoidal 

acquisition. 

Testing new 
cut-off 

functions. 

Studying the 
evolution equation 

and the convergence. Testing on  
real data. 
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Thank you 
for your attention. 

Selected works: 
2002-2008: Dorn: level set method applied to 
biomedical imaging techniques.  
2008: Kolehmainen et al.: level set method for 2D 
static case.  
2011: Klann et al.: level-set approach for the 
inversion and segmentation of SPECT/CT data 
2013: Niemi et al.: level set method for (2+1)D 
case for F1(u). 2015: Niemi et al.: level set 
method for (2+1)D case for F2(u).  
2015: Kazantsev et al.: 4D-CT reconstruction with 
unified spatial-temporal patch-based 
regularization.  


